Limit of a function ( examples I part)

1) Figure out the limits the following functions:

a) lim2x =

x—2

b) lim>"2 =
x>l 3y
¢) lim 10 =
x%Sx_S

d) lim X2 =

x—-3 7

Solution:

What to do?

Where we see x change it with the value of which he tends!

a) lin212x=2-2:4

2. Find the limits of following functions:

) 3x+1
a) hmz—
>0 )y —5x+6

3_
b) limzx 23x+12
X—>0 x _5
¢) Iim———
) e 2x% +4x+1
x*+1
2

d) lim

x~>oo3_x



Solution:

S ()

Remember: In this type of task, where x — oo , function is rational, 00)
X

,and there is no root, In, sin or other

functions use the following conclusions:

i) If the highest level up to dividend is greater than the highest level down to divisor , solution is o .
ii) If it is the highest level below greater than the highest level up, the solution is 0.
iii) If the highest levels are the same, the solution is quotient coefficients in front of the largest degree.

a) lim23x—+1 =0 (conclusion ii)
=0 dx" =5x+6
3 —_—
b lim 22X *12 _ o (conclusion )
X—>0 X —
2
C) limw = &l (conclusion iii)
o0 2x" +4x+1
2
) imX =L _ 1 (conclusion iii)
03 —x" —1]

3. Find the limits of following functions:

Solution:
This type of problems we deal with transformation of algebraic expressions:
1) ax +ay +az = a(x+y+z) and xatyatza=(xt+y+z)a law of distributivity

1) Formulas:
A*~B>=(A—-B)-(A+B)

A* +2A4AB+ B* =(A+B)*

A’ —B>=(4A-B)(4* + AB+ B?)
A +B® =(A+B)(4*> - AB+ B?)
A’ +3A4’°B+34B° + B’ =(A+ B)’
A* —3A4°B+34B* - B® =(4-B)’

iii)  Square equations apart on the factors, with ax’ +bx+c=a(x—x)(x—x,)



b)

2_ —_—
lim> =2 i EZDEED) 2y =24224
x—2 x_2 x—2 x_2 x—2
2 _—
limwz We will use :  ax” +bx+c=a(x—x,)(x—x,)

1 x? —5x+4

x*+6x-7=0 x2=5x+4=0

—6++/64 5449
12:T 2= >

-6%8 5+3

Xio = > x1,2=T

X1:1 x1—4

x2:_7 x2:

X' +6x—7=(x-D(x+7) X' =S5x+4=(x-4)(x-1)

. x*+6x=7 . (x=-D(x+7) . x+7 1+7 8
lim—; =lim =lm——=——-=—
1 x" =5x+4 >l (x-4)(x-1) =—=1x-4 1-4 -3

4 2
lim )36 6); 27 = This will separate and do...
3 x" +3x +x+3

x*—6x>—27=0— replacement x* =¢

t*—6t-27=0
t12:6i12

’ 2
t,=9

t, =3

xt—6x* =27 =(x* -9)(x* +3) = (x = 3)(x +3)(x* +3)
X A3+ x+3=x"(x+3)+1(x+3) = (x+3)(x” +1)

Let's go back now to task:

4 2 _ 2 _ 2

lim )36 6)2c 27 Mim (x 3)(x+32(x +3):lim (x 32(x +3):
=3 x” +3x"+x4+3 3 (x4+3)(x7 +1) >3 (x7+1)

~ lim (—3—3)(9+3):—6-12:_2__§

>3 (9+1) 10 10 5




I'Hopital's rule

This type of task is (if possible and if you know derivates) the best work over 1'Hopital's rule.

2
a) lim> 4—1m§—2*2 4

X2 x — 2 x—2 1

X’ +6x—7 2x+6 2-1+6 8

b) lim 2 =lim = =—
¥l x —5x+4 =1 2x-5 2:1-5 =3
— p— 3— . —_— 3— . —_— _— . p—
¢ lim xt—6x*-27  lim 4x° —12x _ 4-(-3)" -12-(-3) _ 4 27+36: 72 36

=37 43x% +x+3 —33x  +6x+1 3-(=3)’ +6-(-3)+1 27-18+1 10 5

Much faster and easier, does not it?

4) Determine the following limits:

2) lim Vl+x-~1-x
4x 4

x—0

x=3
b) Im—;
) =3\ x+1-2

2
o) limYX 1=l
0\ x*+16 -4

This is a new type of task, with roots. The idea is to make rationalization. Use formula:

A*—B>=(A-B)-(4+B)

Solution:

a)

\/_ Ji-x ~lim V+x—1-x \/1+x+\/1 X _

P 4x x50 4x Vrx+1-x

Mim «/1+x —/1- x I+x—-1+x
x—>04x(\m+'\/l x) X—>04x( I+x++1- x)

2x
_£11’134x(«/1+x+«/1 x) 133%2(\/1“4”/1 x)
_ 1 _ 1
V140 +41-0) 22 4



b)
m—X"3 x-3 \/x+ +2
H3\/x+ —2 \/x+ -2 Jx+1 +2
:11111()6_3)(”’2‘”+2)=1im(x_3)(“C+ +2)=lim(«/x+1+2)
x—3 m _22 x—3 x+1_4 x—3
=43+1+2=2+2=4

2
11mL11 You have to make double rationalization.
20 x*+16 —4
. 1 14l X2 +16+4
lim . . =
02416 -4 X +1+1 VX’ +16+4

I 1)(\/x2+16+4) hmxz(\/x2+16+4)
"_’O(x A16-16Wx" +1+1) 0 (x> +1+1)

lim Vxt+16 +4 \/O+16+4 8

=0 [ r141 NO+l+l 2

5) Determine the following limits:

Y1+ x? -1

2 >

a) lim

x—0 X

\/_ 1

=0 x =1’

b) lim

Solution:

Watch out: When we have a third roots, we must use the formulas:
(A-B)Y(A>+AB+B*)=A4’-B’
(A+B)(A*—AB+B)=A+B’

e o1 Vex? o1 YAty #3457 41
lim =1lim 5 =

=0y =0y Ya+x7)? +31+x2 +1
3

o Al+x? -1 _

2R %) VT4 x? 41

. 1+x* -1

=lim— 1=

R ?)? T2 41

_ lim 1 1 1

S0y e +1 Y1400 4411041 3




b)

3
. Alx -1 T
lim >~ | = Look out: you have to make double rationalization
x—0 X —

\/_ 1\/_+\/_+1 \/;+1
"_’1\/_ 1\/_+\/_+1 \/;+1

. (3\/; 43](\/;“) G Dix+1)
Hl(&z—f)(vx_uﬁﬂ) 2= )

i J}+1 _ 1+l 2
X*13 243/ x +1 1+1+1 3




